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12-01 INTRODUCTION TO LIMITS

 Limits that fail to exist

1. f(x) approaches different numbers from both sides

2. f(x) increases of decreases without bound

3. f(x) oscillates between 2 fixed values
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12-02 EVALUATING LIMITS

* Rationalizing Technique
e Getradicals out of numerator

* Multiply by conjugate of numerator

» Evaluate

. x+9-3
e lim

x—0 X

~V0+9-3 0
B 0 0

. (Vx+9-3)(Vx+9+3)
x50 x(vx+9+3)

x+9-9
lim
x=0 x(\/x +9+ 3)
X
lim
x-0 x(\/x +9+ 3)
1
lim —
x=>0yx+9+3
1
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* A limit from calculus

12-02 EVALUATING LIMITS

i fx+h) —fx)
1m

h—0

h

* Always gives indeterminant case

« For the function f(x) = 2x2 + 1 find

li

_ f2+h)-f2)
m

h—-0

h

2+ +1D-2@2)2%*+1)
lim

h—-0 h
- QRUA4+4h+1rH)+1D-2@)+1)

h—0 h
 8+4+8h+2h?2+1-9
lim

h—-0 h
8h + 2h?

h—0 h
~ h(8+ 2h)
m--—r-

h—0 h
lim 8 + 2h
h—-0
=8+ 2(0)

=8
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12-03 DERIVATIVES

+ Find the slope of f(x) = x3 at (2, 8)

e Find the derivative

o = L E D 1@

(x + h)3 —x3

f'Gx) = lim

. - x3+3x%h + 3xh? + h® — &3
f(x) = }Llrr(l)

h
3x2h + 3xh? + h3

f'x) = lim
oy — 1 h(3x2 + 3xh + h?)
f) = lim h

f'@) = lim(3x% + 3xh + h?)
f'(x) = 3x2 + 3x(0) + (0)?
f'(x) = 3x?

f'(2) = 3(2)?
F1(2) =12

Plug in the point (2,8) orx = 2




f'(x) = lim

i (G2 =2) = (2 = 2)

f(x+h)—f(x)
h

f (X) - illl—>02 Zh )
: (2 +2xh+h%*—-2)— (x> -2)
f'x) = }ll_r)r(l) -
) = i 2xh + h?
f'x) = 1_r)r(1) -

f'x) = }li_r{(l)(Zx +h)
f'(x) =2x+(0) = 2x
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12-03 DERIVATIVES

* Find the derivative of f(x) = Vx + 1

fx+h) - f(x)
h
(Vx+h +1)—(\/_+1)

f1e) = lim —————— x+ v

(Vx+h- xF),(Wh/E)

f'() = lim

f'() = lim

e =

x+h—x
f(x)_h—’ﬂh(\/—+\/_)
f(x)—,HOhw_h+ﬂ
f(x)_;lwo\/—h/—
0=
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1
f(x)=m
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12-04 LIMITS AT INFINITY AND LIMITS OF SEQUENCES

e Shortcut » Evaluate

* N = degree of numerator e lim
. x—00 5x2+2
* D = degree of denominator

*N<D=>0
* N =D - leading coefficients
o —x2+4
* N> D - No limit X 5x2 42
N=1D=2
N<D=>0
I —-x+4 _
oo SxZ 2
N=2,D=2
N = D - leading coefficients
 —1x%+4 1
im—-——=-=
x>0 5x2 4 2 5

23



24



n—-3)(4n—-1)

n-o 4 —3n —n?
i 4n? —13n+3
n —nZ — 3n +4
N=2,D=2
N = D - leading coefficients
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5 [n(n+1)2n+1)

lim —-

n-con 6
i 5 [2n3+3n%2+n
no 73 6
~ 10n3+15n%2 4+ 5n
lim
n-oo 6n3
10
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12-05 INTEGRALS

, - i—5
* Find the limit of §,, = ?=1ln—2 asn — o

Split into two fractions
n

, i 5
Azlzo,l -

L=

n n
y [ 5
im (D z= )
i=1 i=1
i is the index for summation. Factor out everything that is not i.

n n
li ! > 1
noto \ 12 z T2 Z
=1 =1

Apply associative property

Apply the sum formulas

Split into two limits




Evaluate

n®+n _ 5n
lim > — lim —
n—oo n n—-oon
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n is the number of rectangles

X1 Xp X3 Xa X5 Xg Xy b=X3x
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n

vt _ b—a\(b—a
fo dx = lim fla+ i
0 n—co n n

i=1

Pluginaandb
S 1-0\(1-0
lim 2 Flo+—i
n—-co n n
i=1
n
i 37
am 2 \5 )5
i=1
Plugin f(x)
n N\ 2
i 1
n—00 £ n n
i=1 n
" 2i?
lim ) =
=1

Factor out non i’s
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2 n
. 1Y)

L

Apply sum formula

. 2\[2n®+3n%+n
nooe \ 13 6

(4n3 + 6n2 + 2n>

r%l—tgo 6n3
Evaluate
B 4 B 2
6 3
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12-05 INTEGRALS

« Find the area bounded by f(x) = 4x — x?
and x = 1to

n

3 _ b—a \(b—a
f4x—x2dx=11m fla+ i
L nco £ n n

i=

Pluginaandb

n

3—-1 3—-1
lim f<1+ l)( )
n—00 4 n n

=1
n

_ 2i\ (2
im (1) ()

=1

Plugin f(x)

2i 2i\%\ /2
lim (4<1+_>_(1+_) (_>
N—00 £ 4 n n n

L=
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n

_ 6 8i 8i2
lim -+ —=—-——
n-oo n n? n3

i=1
Apply the Associative Property and Factor non i’s

n n n
. 6 8i 8i?
A Z;+Zp—2—n3
=1 =1
n
3Zi2)
i=1

=1

n n
. [6 8 .
lim —21+—221—
n—oo n. n -

=1 =1

:|OO



12-05 INTEGRALS

Apply the sum formulas

" 6()+8 n®+n 8 [2n3+3n%+n
oo \n Y T2 2 3 6

i 6 8n? + 8n 16n3 + 24n? + 8n
ao\ O\ T2 )~ 6n3

Separate into individual limits

_ ~ [(8n? +8n ~ [16n3 + 24n? + 8n
lim 6 + lim | ———— ] — lim
n—oo n—oo an n—oo 61’13

Evaluate
8 16
B 2 6
8
=6+4——
22
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